An efficient and safe hyperthermia cancer treatment requires the accurate control of the magnetic nanoparticles' heating performance, which is directly related to their size. However, in any particle system it is experimentally unavoidable the existence of some size polydispersity, what will result in a different local heating output and consequently a different hyperthermia performance depending on the size of each particle. Aiming to shed some light on this significant issue, we have used a Monte Carlo technique to study the role of size polydispersity in the heat dissipation at both the local (single particle) and global (macroscopic average) levels. We have systematically varied size polydispersity, temperature and interparticle dipolar interaction conditions; and evaluated the local heating as a function of those parameters. Our results provide a simple guide on how to choose, for a given polydispersity degree, the more adequate average particle size so that the local variation in the released heat is kept within some limits that correspond to safety boundaries for the average-system hyperthermia performance. All together we believe that our results may help in the design of more effective magnetic hyperthermia applications.
Magnetic fluid hyperthermia is a new medical technique for cancer treatment that aims to damage/destroy cancerous cells by increasing their temperature up to 41-46 • C. [1] [2] [3] [4] The procedure consists in selectively targeting the tumor with magnetic nanoparticles (MNPs) and heating them up under an external AC magnetic field, thus increasing the temperature of the embedding media as illustrated in Fig. 1(a) . The key-point is to control their heating performance so that the temperature rises enough as to harm the cancer cells while maintained within safety limits for the patient. An important advantage of this technique is the avoidance of the harmful whole-body secondary effects of the usual chemo/radiotherapies.
Several important issues need to be addressed in order to develop an efficient magnetic hyperthermia protocol for broad clinical use. Besides biological aspects as biocompatibility [5] [6] [7] and toxicity [7] [8] [9] [10] , the main problem is to achieve an accurate control of the heating performance of the particles. The dissipated heat strongly varies depending simultaneously on both the specific particle characteristics (anisotropy, volume, magnetization) and the chosen experimental conditions (temperature, amplitude and frequency of the applied field, dose). [11] [12] [13] Intense research is currently being conducted to address those issues; for recent reviews see for example Refs. 1,2. The objective of the present work is to investigate an essentially untackled aspect of the hyperthermia performance of magnetic nanoparticles: the role of size polydispersity, relating the heating at the local (heat dissipated by each particle) and the global (average) levels. Many works have investigated how polydispersity influences the hyperthermia performance of MNPs, [14] [15] [16] [17] [18] [19] although mostly from the global point of view, i.e., the average properties of the entire system. Under this approach, in the literature it is usually reported a detrimental influence of size polydispersity on the heating power, ranging from moderate 20 to high 21 . Experimentally, the dissipated energy can drop between 30% and 50% for a degree of size polydispersity varying between σ = 0.20 and σ = 0.25. 22, 23 However, it is worth noting that also the opposite trend, enhancement of the heating performance with higher polydispersity, has been described. 24 The importance of investigating the heat dissipation at the local level is emphasized by some recent works reporting cell death by MNPs under an AC field without noticeable global (macroscopic) temperature rise. [25] [26] [27] [28] These results raised some debate in the specialized literature concerning the usually presumed need to achieve a homogeneous temperature rise within the tumor as a key issue for an effective hyperthermia. 1, 2, 29, 30 A possible explanation could be that even a localized temperature increment, occurring only at the nanoenvironment of the nanoparticles, could be enough to induce cells' apoptose without a significant global temperature increment. This interpretation seems to be supported by recent measurements indicating that the temperature difference attained during a hyperthermia experiment between the particle surface and its surroundings decreases abruptly, being negligible at just a few nm away from the nanoparticle surface. [31] [32] [33] Therefore, it could be possible to have sufficient local temperature enhancement to harm the cancer cells without a global temperature increment. Nonetheless, this is still an open question out of the scope of this work. Regarding the objective of the present study, those results [25] [26] [27] [28] clearly support that studying the influence of polydispersity at local level merits exhaustive research.
Experiments generally report lognormal size distributions 15,18,34-38 -see Fig. 1 (c)-with σ , the standard deviation of the logarithm of the diameter D of the particles, ranging between 0.10 to 0.25. A system with σ ≈ 0.10 is already considered as monodisperse. Such polydispersity gives rise to a distribution of local heat-dissipation spots with different effect on the surrounding nanoenvironment (embedding cell or intercellular media). This is illustrated in Fig. 1(b) , where two systems with apparently the same macroscopic (global) temperature correspond, however, to completely different local temperature nanoenvironments depending on the particle sizes. On the one hand, particles with poor heating performance might not reach the treatment temperature, leaving malignant cells alive. On the other hand, particles heating in excess could cause ablation, with the consequent risk of bleeding or infection. 39 To the best of our knowledge, no in-depth study has been done on how size polydispersity results in a distribution of locally different hyperthermia performance.
The work is organized as follows. In Section 1 we describe the physical model and the computational procedure. The use of numerical simulations is strongly justified due to the complexity of the objective and the need to have access to the information of the system properties at different levels: average heating of the entire system vs. heating of individual particles depending on their sizes. In Section 2 we present and discuss the results of the work. In Subsection 2.1, we study the influence of size polydispersity on the hyperthermia properties of the entire system in the non-interacting case. In Subsection 2.2 we investigate the role of polydispersity at a local level, introducing the evaluation of the local heating and its dispersion as significant parameters for hyperthermia characterization. In Subsection 2.3, the role of interparticle dipolar interactions is taken into account. Finally, the conclusions of the work are summarized in Section 3.
Model
The hyperthermia properties of MNPs are usually reported in terms of the Specific Absorption Rate, SAR, defined as SAR = HL· f , with HL the hysteresis losses and f the frequency of the AC field. To study the role of polydispersity and interactions on the heating performance of the particles, we use a Monte Carlo method 37, 40, 41 to simulate magnetization (M) vs. field (H) hysteresis loops under different conditions (temperature, polydispersity degree, and interparticle coupling strength) and evaluate the HL values as the area of the loops.
In our model the spatial positions of the particles follow a liquid-like distribution resembling a frozen ferrofluid. This corresponds to conditions in which the nanoparticles are completely fixed into the tumor, that is to say, the contribution of the Brownian reversal to the heat dissipation is neglected. This assumption is in agreement with experimental works reporting a negligible influence 42 and even a total inhibition 43 of Brownian relaxation in cell-like conditions for hyperthermia applications. For an insightful work considering the dynamics of a particle in a viscous liquid see e.g. the work by Usov and Liubimov, 44 where the authors consider the simultaneous rotation of the particle as well as the jump of its magnetization over the anisotropy barrier.
The physical model corresponds to a polydisperse system of N single-domain magnetic nanoparticles with uniaxial magnetic anisotropy K and random easy axes distribution. For the sake of generality, from now on we will present the results in terms of the dimensionless normalized diameter d = D/D 0 , being D 0 the diameter of the ideal monodisperse system. The average diameter of polydisperse systems D is kept equal to this value, i.e. D = D 0 . Following experimental observations, the size distribution is assumed to be lognormal 15, 18, [34] [35] [36] [37] [38] -see Figure 1 (c)-and it is given by
where σ is the standard deviation of ln(d) and u is the average of the logarithms of the diameter. The atomic magnetic moments of each i-particle are assumed to rotate coherently, so that the particles are characterized by their total supermoment
where V i is the particle volume and M S is the saturation magnetization per volume. For simplicity, K and M S are taken as size-and temperature-independent. The energies governing the magnetic response are the uniaxial anisotropy E
, being n the unitary vector along the easy axis; Zeeman, E (i) Z = − µ i · H; and the dipolar interaction. The latter energy for two particles i, j is given by E
i j , being r i , r j the i, j-particle positions and r i j the vector connecting them.
The total magnetization of the N-particle system along the field direction is M = ∑ N i=1 M S V i cosθ i , being θ i the angle between µ i and H. The M vs. H hysteresis loops are reported in dimensionless units as M/M S V 0 t and h = H/H A respectively, where V 0 t = NV 0 is the total volume of the monodisperse system, V 0 the volume of one of its particles and H A = 2K/M S is the anisotropy field. The temperature is also treated in normalized units as t = k B T /2KV 0 , in terms of the anisotropy energy barrier of the non-interacting monodisperse particles KV 0 .
A system of N = 2000 particles was considered in all the simulations and the field amplitude H max was always set as h max = 5, well above the saturation field of the particles in order to avoid complicated minor-loop considerations 40 and ease the understanding of the results. We have adjusted the number of Monte Carlo steps to coincide with the Stoner-Wohlfarth results (with coercive field H C ≈ 0.48H A and the remanence M R ≈ 0.5M S V 0 t ) for the monodisperse case at very low temperature and for a noninteracting ensemble. These conditions also determine the maximum achievable power, HL 0 max = 2KV 0 t for the monodisperse system. Since we are working in reduced units, from now one we will use hl = HL/HL 0 max to refer to the reduced hysteresis losses, so in this case we will write hl 0 max = 1. For the polydisperse system one has HL max = 2KV t where V t is the total volume of the polydisperse system. We assumed a discrete particle size distribution so that the particles of the system can be grouped within a finite set of size categories. The maximum number of categories (P) considered in this work for all polydispersity conditions is P = 25, with N j particles in each j-category. The total magnetization M may be normalized and rewritten in terms of the different size categories as
is the reduced volume of the particle i and M j is the magnetization of each j-category. M j is given by
Accordingly, the magnetization of each category with volume v j will vary between −v j and +v j , as illustrated in Fig. 3 . This way of presenting the results will allow the direct estimation of the hysteresis losses of each category, (hl) j , in relation to the hysteresis losses of the monodisperse system. Note that at low temperatures the coercive field of each category is the same. This situation will be different with increasing temperature, when the thermal fluctuations will progressively become comparable to the anisotropy energy barriers of the smaller particles.
Results and discussion
2.1 Influence of polydispersity on the entire system in the non-interacting case To compare the hysteresis losses of polydisperse samples having different σ with the ones of the monodisperse system, we normal-
where V is the average volume of the system. In dimensionless units,
It is important to correlate the properties of the lognormal distribution in diameters with those in volumes. In general it is known that for a continuous distribution with probability density function f (x), the expected value of x n is the n-th (raw) moment E(x n ) = x n f (x)dx, n ∈ ℵ. For the lognormal distribution we have
From Eq.4 we obtain v = e 3u+ . Thereby, we obtain that the normalized average volume v for any particle distribution with a constant d value depends on σ as
The above Eq.5 provides a useful insight into the influence of polydispersity on the global hysteresis losses in a non-interacting system. Since hl max ≈ v , it predicts an increase of the hysteresis losses with increasing σ for a fixed d for low temperatures. This influence of polydispersity is illustrated in figure 2 , where it is seen that v increases when broadening the distribution. Interestingly, the most probable value -i.e. the peak of the distribution-, decreases with increasing σ . The inset of figure 2 shows that the v values used in our simulations (open circles), which were defined independently to follow a lognormal distribution in diameters, are consistent with Eq.5. The simulated dependence of hysteresis losses on temperature is shown in Fig. 4 , where a decrease of the hl with increasing t is observed, in agreement with experimental results. 45 This behavior is due to the increased probability of the magnetization jump over the anisotropy barrier with increasing temperature. The inset shows that at very low t the dependence of the hl value on σ follows well the predictions of Eq.5. We attribute the slight deviation to the difference between the exact lognormal distribution of the analytical expression and the approximated discrete distribution of the simulations.
From Fig. 4 we can conclude that polydispersity has a moderate influence on the hl at low t, in agreement with previous results reported in the literature. 20 However, the opposite occurs at high t, with noticeable hl values in the polydisperse system even at temperatures at which the losses of the monodisperse system become negligible. This behavior is easily explained by the increasing fraction of particles that, with larger σ , exhibits blocked behavior at temperatures at which the monodisperse sample would behave superparamagnetically (i.e. dissipationless). A similar interpretation is reported in Ref. 18 .
It is important to recall here that our simulations always predict an increase of hl with polydispersity. This has been also previously seen, for example, in Ref. 24 . However, also the opposite trend, i.e. polydispersity being detrimental to heating performance, has been reported in the literature. 22, 23 We attribute such apparent contradiction to an insufficient H max value to reverse the magnetization of the particles 40 (minor-cycle conditions, while our simulations correspond to major-cycle conditions). Indeed, if a fraction of the system corresponds to minor-cycle conditions, a larger σ will progressively increase the fraction of particles that do not switch. Since these particles are the largest with a more 24 does not contradict our results, which always predict, no matter the interaction conditions, an increase of the released energy with rising σ . In addition, it is important to note that this major/minor cycle condition is presumably not enough, just by itself, to explain the complex behavior of magnetic nanoparticle systems, with a complicated entwined dependence on particle parameters and experimental conditions 11, 46 .Therefore, an extensive study of the hyperthermia properties as a function of H max needs to be performed in order to gain further understanding on the role of field-dependence on the global/local hyperthermia properties. Such study lays, however, out of the scope of the present work. Furthermore, experimentally we can also expect to have polydispersity in the values of anisotropy that will play a role at two different levels: in addition to the same influence as the volume regarding stability against thermal fluctuations, having different K-values will play a central role in relation to the achievable H max /H A value that also determines the heating performance. 40 For an insightful discussion in this regard, see e.g. the work by Vallejo-Fernandez et al. 47 
Role of polydispersity at local level in the non-
interacting case Using Eq. 2 we examine the hysteresis losses for the different particle sizes. Some illustrative results are shown in Fig. 3 where we underly that larger particles dissipate more energy than the Comparison between a monodisperse and a polydisperse system at two different reduced temperatures, t = 0.001 (top panels) and t = 0.100 (lower panels). For each t the left panel shows the average hysteresis cycles of the entire system, whereas the right panels stand for the hysteresis cycles of different particle sizes.
smaller ones. The same is illustrated in Fig. 5 as a function of temperature, where a polydisperse system is compared with the ideal monodisperse one. The results indicate that while at low t there is not much difference between the monodisperse and the polydisperse samples, a different trend is observed at higher t. The separated contributions to hl (right panels) explains such differences between low and high temperature. At low t all particles contribute to heating. On the contrary, at high t the hysteresis loops of the smaller particles become anhysteretic and therefore only the larger particles contribute to heat dissipation. Fig. 6 shows the systematic evaluation of the hl of each category as a function of t for σ = 0.10. As expected, the bigger is the particle size, the larger is its contribution to heat dissipation and its robustness against thermal fluctuations. Noteworthy, the shape of the curves is very similar for the different sizes. This could be anticipated if considering that, for non-interacting conditions, the different curves may be obtained by rescaling the results corresponding to just one particle size. This is illustrated in the inset of Fig. 6 , since hl ∝ v one can approximately obtain all category curves from the mean hysteresis losses of the entire system. This supports the suitability of assessing the local heating capability of the different particle sizes from their respective hysteresis loops, as described at the beginning of Section 2. This supports the suitability of assessing the local heating capability of the different particle sizes from their respective hysteresis loops, as described at the beginning of Section 2. The slight deviations between the main panel and the inset are explained by the existence of very small particle sizes with decreased heating contribution in the simulated system that lower the overall hysteresis losses.
We next address the dispersion in local heating in relation to the size polydispersity and temperature. This is characterized by means of the standard deviation s hl . We have performed this evaluation for the 5 different reduced temperatures indicated in s hl value is defined as:
The s hl values corresponding to the data reported in Fig. 4 are displayed in Fig. 7 , where we observe a rapid increase of s hl with larger σ but an overall decrease with increasing t. Therefore, the preference of having a monodisperse sample in order to have homogeneously released heat into the tumor 1,2,29 is stressed once again. Importantly, Fig. 7 may serve as a tool to define safety boundaries for the dispersion in the performance of the local heat dissipation spots. Remembering that t = k B T /2KV 0 and assuming that our synthesis technique allows a certain σ , Fig. 7 shows how to choose the particle volume for a given T so that σ hl is kept below a desired value. For example, in Fig. 7 we see that for having σ hl under the 30% depicted by the horizontal line, larger particles can be used for σ = 0.10 than for σ = 0.20. Thus, for a given σ , the way of lowering the dispersion in the local performance is by reducing the particle size, with the consequent drawback of diminishing the heating output. It has to be noted that this predictions hold for saturated cycles, being necessary further investigation to disclose what happens for minor loops. Therefore, the design of a hyperthermia protocol considering a clinically acceptable local dispersion in heat dissipation will require to put together the results depicted in Fig. 4 with those shown in Fig. 7 .
For illustrative purposes, the distribution of the hysteresis losses per size category for different t and σ values is shown in Fig. 8 . A slight deviation towards larger particle sizes can be observed as polydispersity increases. This feature is also depicted in Fig. 9 for the case σ = 0.20, where it is seen that at high t the hysteresis losses of the larger particles finally overcome the Physical Chemistry Chemical Physics hl of the monodisperse case, explaining the results displayed in Fig. 4 . Nevertheless, note that in both cases (monodisperse and polydisperse), the hl are very low at high t and so their efficiency for heating is reduced.
Physical Chemistry Chemical

Influence of interactions
In the previous sections, non-interacting conditions were assumed in order to simplify the scenario in which to introduce the notion of global vs. local heat dissipation. However, such non-interacting assumption does not necessarily hold for real hyperthermia applications, where concentrated samples are used. 1 In addition, when the particles are internalized within the cells, aggregation may occur. In both cases interparticle interactions play a nonnegligible role that must be taken into account. Their influence on the hyperthermia performance has been extensively studied from the global point of view, 11, 16, 20, 37, 40, [48] [49] [50] [51] but knowledge of what happens at a local level is still missing. The general influence of interactions is known to increase the dispersion of energy barriers. 52 This means that depending on the local environment, the interactions could increase or decrease local energy barriers. In a first approximation, one could expect that for a monodisperse system at a temperature high enough as to correspond to an anhysteretic behavior, introducing interparticle dipolar interactions might increase some of the energy barriers. Depending on the strength of the coupling, this local barriers may become a heat-dissipation source. Accordingly, interactions would increase the hyperthermia performance. On the contrary, for the same non-interacting system at low temperatures where the particles dissipate the maximum, the local decrease of some energy barriers is important since they will lower the heating output. Fig. 10 shows how dipolar interactions, varied by changing the sample concentration (volume fraction) c, and temperature modify the hysteresis losses for the monodisperse case. As expected, the hl decrease with t regardless the strength of interaction. Re- garding the role of the interactions, at low t the increase of interactions decreases the hl values. The opposite occurs at high t, when we are close to the superparamagnetic behavior, where increasing interactions increase the hysteresis losses 53, 54 . Note however that the influence of interactions is very complex per se 11 and that it becomes even more complicated in the presence of aggregations, where interaction conditions completely modify the heating response 55, 56 . Such diverging behavior of interactions with temperature has been also reported in Ref. 48 . Fig. 11 shows the obtained global hl values as a function of polydispersity for interacting and non-interacting conditions. In both cases the hysteresis losses increase with σ . Comparing interaction effects, at low σ and high t the hl values decrease with increasing c, whereas at high t they increase for larger c. Intermediate situations are observed depending on the combination of σ , t, and c. These results agree with the findings of Refs. 16, 48 . The fact that the dipolar interactions have a more pronounced effect at low t is also in agreement with Refs. 35,48. Similar to the non-interacting case, we have analyzed the stan- dard deviation of local hl as a function of σ and t. The results are displayed in Fig. 12 , together with those of the non-interacting case. The main noticeable feature in this figure is the fact that s hl increases significantly with σ for strong interactions, an undesired effect for hyperthermia. For example, note that s hl can achieve up to 450% for the conditions of σ = 0.25 and c = 0.15. Therefore, for strongly interacting systems it is crucial to use systems as monodisperse as possible.
Conclusions
The results reported in this work highlight the importance of taking into account size polydispersity in magnetic fluid hyperthermia studies. Even for a moderate distribution in particle diameters, the dependence of the dissipated power on the particle volume implies a broad distribution in locally released heat values. The existence of a distribution of heat dissipation spots with different performance may result highly inefficient in terms of hyperthermia-based cancer treatment, with areas being overheated (risk of damage) and others remaining untreated. It is therefore crucial to keep in mind that heating and hyperthermia efficiency, though closely related, are not equivalent concepts: two different systems may have the same global heating performance, but a completely different local heat release distribution, therefore different overall hyperthermia efficiency. Starting with the usual entire system heating considerations, we show that for a given average particle size and non-interacting conditions, the maximum achievable power of a nanoparticle system with lognormal size distribution always rises with increasing polydispersity. This analytical result, also supported by our Monte Carlo simulations, indicates that the decrease of the heating power reported in some experiments is not due to the presence of polydispersity per se, but must be attributed to other conditions as e.g. non-saturating field amplitudes. On the other hand, thermal fluctuations always increase the relative importance of size polydispersity, which evolves from moderate at low temperatures to dominant at high ones.
We have analyzed the distribution in local heating power as a function of size polydispersity and temperature, and also studied the role of the interparticle dipolar interactions. Using the standard deviation to characterize the local heat distribution, we obtained that s hl rapidly increases with σ , whereas the temperature attenuates this growth. Our results show how the appearance of different heating spots due to size polydispersity may cause local infra/over-heating effects, clearly undesired from a clinical point of view. The quantification of the dispersion of the local heating via the standard deviation s hl revealed that it can dramatically increase, achieving the 100% or even the 450% for strongly interacting systems.
Importantly, our approach to the problem in terms of dimensionless units proves to be very useful since it allows the estimation of the most suitable average particle size to achieve a more efficient hyperthermia protocol. This is simply achieved by choosing the adequate volume, for a certain K and T , so that the corre-sponding s hl values are kept below some desired value. It must be noted, however, that the way to lower the deviations in local heating is by reducing the average particle sizes which in turn lowers the heating output. A careful balance between both tendencies is therefore necessary. A promising approach in this regard may be to fine-tune interparticle interactions: despite rapidly incrementing s hl , they also allow to obtain relevant heating. Interparticle dipolar interactions are thus foreseen to play a central role in the design of improved hyperthermia applications.
Note that, however, the present work has some limitations. The simulations were conducted for single-domain nanoparticles with coherent magnetization reversal. Also, full-cycle conditions were assumed, whereas in real applications field amplitude and frequency are limited. In addition, the effective uniaxial anisotropy was considered to be the same for all particles with a given size, while in a real system a distribution of anisotropy values needs to be taken into account, which is also crucial regarding fieldamplitude considerations. 47 Such and other aspects need to be included in future works in order to address the specific conditions of a particular experiment. Despite the aforementioned limitations, we believe that this work provides understanding of the influence of size polydispersity in magnetic hyperthermia, emphasizing the importance of simultaneously considering the heat dissipation at both global and local levels. The results relating the clinical safety boundary requisites with the characteristics of the particles to use may constitute a promising approach for the design of more efficient hyperthermia-based cancer treatment protocols.
